of fixed amplitude and angular frequency ω from infinity, propagating at an 140 angle θ 0 with the negative y ′ -axis. 141 In both cases, the governing equation for a thin elastic plate is given by
where ∆ ′ is the two-dimensional Laplacian, k 4 = mω 2 /D, m = ρh is the 
where the parameter a = ka ′ is the only dimensionless parameter left in this 150 problem. 151 We first consider the problem of pin forcing at the centre of the one- 
where g(x, y) represents a Green's function for a source placed at the origin 165 of a thin plate satisfying 166 (∆ 2 − 1)g(x, y) = δ(x)δ(y),
and given explicitly by 167 g(x, y) = i 8 (H 0 (r) − H 0 (ir)) ,
where H 0 represents a Hankel function of the first kind and r 2 = x 2 + y 2 . 168 Note that at the origin the Green's function is bounded as g(0, 0) = i/8. 169 In (5), the coefficients a 
for all m, where δ m,n represents the Kronecker delta function. Accordingly, 172 multiplying through by e −imθ and summing over all m results in
where θ refers to the standard angular polar coordinate. 174 We now define the following finite Fourier transforms (Fourier series) 175 with 176 
where 180
and γ(t) = (1 + t 2 ) 1/2 .
Applying the Poisson summation formula
8 to expression (11) at the points (x, y) = (na, 0) and comparing with (10b) 182 readily admits the convergent series
where t n = (θ + 2nπ)/a. It can be shown that the summand G (t n , 0) has 184 a leading order asymptotic behaviour of a 3 /(2π|n|) 3 as |n| → ∞, so conver-185 gence can be accelerated by writing
where ζ denotes the Riemann zeta function. This forces (15) to converge 187 like O(|n| −5 ). It can also be seen that G 0 is both symmetric and periodic:
The definitions above allow expression (9) for the forcing of a single pin to 189 be written in the form that we encounter in later parts of the paper. As a corollary to the above solution, we can see from (8) that 
as ρ → ∞. Alternatively we could say
where 204
is the usual diffraction coefficient. 
The total displacement is written as
where the prescribed incident wave plate displacement is given by
with α 0 = sin θ 0 and λ(α 0 ) = −i cos θ 0 is defined in (12).
213
In expression (23), the coefficients a 
Note that for m ∈ M, the left hand side of the above expression is replaced 218 with the unknown displacement at each of the removed pins,
Equations (25) 
which is the equation for the scattering by an uninterrupted grating. The 228 periodicity of the left-hand side of (29) implies a periodicity of the solution, 229 so a (u) n = a (u) 0 e inα 0 a . Using this in (29) gives
using (10b) and (16), and so the final form of (28) is
The remaining unknowns, u In the scattering problem, there are two components to the far-field: plane 236 waves reflected by an uninterrupted periodic pin grating and circular waves 237 emanating from the defects. In the case of a single missing pin at the origin, 238 these circular waves are easily identified from the second term in (33) to be 239 related to those for the forcing problem so that the diffraction coefficient for 240 the circular wave component of the scattered field is simply
with A (f ) defined by (22). More generally, for multiple missing pins, the 242 contribution from the sum in (31) to far-field circular waves results in a 243 12 diffraction coefficient given by
The first term in the right-hand of either (31) or (33) accounts for the 245 diffracted wave field from an unbroken periodic array and its contribution 246 to the total displacement may be written as
Using the definition (11) in the above and invoking Poisson's summation
where 250 α n = α 0 + 2nπ/a.
We can define scattering angles, θ n , defined by α n = sin θ n , which extend the 
where we impose pinned conditions u Applying these conditions to (40) gives
for all p, q ∈ Z. Multiplying this through by e −ipθ e −iqφ and summing over 286 all p and q results in
Using the convolution result for Fourier series and rearranging, this can be 288 expressed as
where 290
and
whilst the inversion formula associated with (44) is
The equation (45) defining G(θ, φ; a, b) is a double lattice sum and in the 293 present form is not suitable for computation as the series is very slowly 294 convergent. We follow the procedure already used for a single periodic array 295 to convert (45) into a more convergent series. Thus, we use the integral 296 representation (11) in (45) to give
Using Poisson's summation formula for the n summation gives
where t n = (θ + 2nπ)/a again. Then, reversing the order of summation 299 in (48) and summing the resulting geometric series for m gives, after some 300 routine algebra,
which is now absolutely convergent. We observe that
and also that G is real-valued. Returning to (43), and inverting the trans-303 form using (46) gives
In contrast to section 2, in which coefficients were defined in terms of 305 a single integral with a denominator G 0 which is strictly positive, in (51) 306 there is the possibility that G will vanish along curves in the two-dimensional 307 domain of integration. 308 We therefore consider the implication of vanishing G. . 332 We rewrite (51) as
Within a stop band a where the prime denotes differentiation with respect to s. Using the proce-352 dure outlined above it follows that, for large |r n,m |,
where n(s) = (β ′ (s), −α ′ (s)) denotes the unit normal to the curve C j . For 354 later convenience, we also define a vectorn(s) = µ(s)n(s), where µ(s) = 355 ±1, so thatn always points outwards from the origin. In the above, we 356 evaluate the integrals with respect to the coordinate parallel to n(s) first.
357
Ifn · ∇G > 0, the pole represents energy propagating away from the origin, 
Note that if there are no stationary points then the summation above equates 374 to zero since we are not attempting to characterise any behaviour in the far-375 field which decays more rapidly than |r n,m | −1/2 . Consequently, we have not 376 reconstructed the wave field at infinity, but merely provided an argument 377 for directions of wave radiation and the asymptotic form for the coefficients 383 We now consider the possibility of finding trapped modes, or localized 384 wave motions, due to multiple defects in a doubly-periodic lattice of pinned 385 points. A general solution is written as
Homogeneous defect problem
and we set a 
we can see that u (d) (pa, qb) = 0 if (p, q) ∈ M. To satisfy the condition that 393 a (d)
n,m = 0 if (n, m) ∈ M, we note that (60) implies that
20 Thus, we have a homogeneous system for the unknown displacements u 
is required to vanish for trapping solutions to exist (since we require that 
411
Since G is real, if we work at frequencies a that lie in a stop band (so that 412 G does not vanish in the domain integral in (51)) then we are assured that 413 a (f ) n,m is real and hence the determinant of K n,m,p,q is also real. Thus, the task 414 of finding trapping solutions is simply one of finding real frequencies that 415 force a real determinant to vanish. We note that the realness and symmetry 416 of K n,m,p,q implies that the number of linearly independent trapped modes 417 is equal to the multiplicity of the zero eigenvalue.
418
It is instructive to consider the case where there is only a single defect 419 at the origin, so that M = {(0, 0)} and then from (61) the requirement for 420 21 a trapped mode (51) is simply
Clearly, for solutions of (64) to exist, we require G −1 to take different 422 signs in the domain 0 < θ, φ < π. Since λ(t 0 ) = −i(1 − θ 2 ) 1/2 where t 0 ∈ 423 (0, 1) we see immediately that G −1 (θ, φ; a, b) = 0 along the circle θ 2 +φ 2 = 1.
424
This provides a good motivation for seeking a trapped mode solution. For that is, they must satisfy
where, unlike in previous sections, θ is a freely-chosen parameter which 
We then apply the pinned conditions u 
where we now have
and G is the double-lattice sum for the infinite periodic array defined as in 
Thus, for a Fabry-Perot resonance or trapped mode, we require the deter-457 minant of the Toeplitz matrix
to vanish. We note again that G is real, so provided it is also non-zero for 459 0 < φ < π for a given value of θ, the integral (71) is real and the determinant 460 of the matrix defined by (71) is also real. is normally-incident on the array from y > 0, so that θ 0 = 0 with a = π .
473
In this configuration no other diffraction orders are excited, and so we can are increasing.
573
The overall picture is one in which the scope to radiate waves from an 574 oscillating source at the origin to infinity is limited, even if the frequency 575 is inside a band surface. However, we have shown that oscillations within 576 certain higher frequency ranges can send waves through the lattice in differ- 
Trapped modes in doubly periodic arrays with defects 588
We now examine the different mode shapes that can be supported inside 589 defects which exist in doubly periodic square arrays. We look for the reso- (7)).
609
For the 3 × 3 defect we can see from Figure 5 The discontinuity of the determinant curve in Figure 5 (b) at a = 2 . 82743 620 is associated with the determinant of K becoming infinitely large. This is 621 a consequence of the Green's function being undefined at this value of a for 622 all 0 < θ < π (when b/a = 1), and does not correspond to a trapped mode.
623
Returning to the single defect problem, the mode shape corresponding 624 to a ≃ 2 . 53728 is computed in Figure 6 which shows one peak, symmetric 625 about both x = 0 and y = 0 which is well trapped inside the defect with 626 negligible displacement throughout the surrounding array.
627
For the 3×3 defect the associated modes are given in Figure 7 . In Figure 9 (a) we examine (71) for the case of a single line defect (m = 0) 648 for multiple aspect ratios b/a. We can see that for this single line defect 649 (b/a = 1) we have a single curve which exists in the interval 1 . 96720 < a < π. 650 We see similarly sloped curves for b/a = 1 . 5 and b/a = 2, which end abruptly 651 when they approach the edge of their first stop bands (for the instance when 652 b/a = 2, the stop band interval is 0 < a < π/2).
653
In Figure 9 
693
[22] or by interpreting results from a truncated array approximation. 694 We have shown theoretically how to determine directions and amplitude 695 factors of wave radiation through a doubly-periodic array in which the cen-696 tral pin is forced to oscillate and shown that different frequency ranges lead 697 to wave radiation in different directions.
698
There are a number of interesting extensions to the current work that 
